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Abstract
The differential equations, which are used for matter perturbations, are usually derived from the
Newton gravity and the Euler equation in the expanded universe. In this paper, by the explicit
calculations of metric perturbation theory in ΛCDM model, we derive the general relativistic
corrections exactly for the equations and show that the differential equations derived from the
Newton gravity and the Euler equation are valid in the small scale region from non-relativistic
matter dominant era onwards. However the corrections are not negligible in radiation dominant
era.
PACS numbers: 04.25.Nx, 95.36.+x, 98.80.-k
∗ E-mail address: matumoto@th.phys.nagoya-u.ac.jp
1
I. INTRODUCTION
In order to explain the accelerating expansion of the present universe, various models
of the dark energy have been proposed [1–4]. Cosmological perturbation theory could be a
good tool for characterizing each of the dark energy models [5, 6]. Because the perturbation
theory gives the informations about the difference from the background evolution of the
Universe, which could depend on the characters of the models, we have a possibility to
distinguish the characters of each model of the dark energy even if they give the identical
evolution of the expansion in the Universe.
The cosmological perturbation theory is often used under the sub-horizon approximation,
which consists of the two approximations for the gravitational potential in the small scale
a/k ≪ 1/H and in the Hubble scale evolution 1/dt ∼ H , so that the perturbation should
be consistent with the Newton gravity. The sub-horizon approximation is, however, merely
an approximation so that we need to evaluate the deviations from the exact solutions in
order to justify the approximation. While the exact calculations should be executed by
using the general relativity, the calculation under the sub-horizon approximation gives the
results identical with those in the Newton gravity. Recently P. Zhang has investigated the
general relativistic corrections from the Newton gravity and has shown the corrections could
not be neglected in the large scale region [7]. As we show in Section III, the corrections
are negligible in the small scale region by the exact evaluation of the general relativistic
corrections from matter dominant era onwards. But we also show that the corrections are
not negligible in radiation dominant era even if we consider the matter perturbations in the
small scale region.
We use units of kB = c = ~ = 1 and denote the gravitational constant 8piG by κ
2 in the
following.
II. COSMOLOGICAL PERTURBATIONS
In this section, we consider the perturbed equations in ΛCDM model by using the New-
tonian gauge. We assume, however, that the matter components are given by a single
barotropic fluid. Therefore the following arguments can be applied only in radiation domi-
nant era and from non-relativistic matter dominant era onwards.
2
We begin with the Einstein equation including the cosmological constant:
Rµν −
1
2
gµνR = −gµνΛ + κ
2Tµν . (1)
If we assume that the spacial curvature should vanish, the Friedmann-Lemaitre-Robertson-
Walker (FLRW) equations are given by substituting the FLRW metric ds2 = −dt2 +
δija(t)
2dxidxj into Eq. (1):
3H2 = κ2ρ+ Λ,
−a2δij(2H˙ + 3H
2) = κ2a2δijp− a
2δijΛ, (2)
where we assume the energy momentum tensor of perfect fluid, Tµν = pgµν+(ρ+p)uµuν , ui =
0, u0 = −1, where uµ is the four vector satisfying g
µνuµuν = −1, ρ is the energy density, and
p is the pressure. By substituting the FLRW metric with perturbation in the Newtonian
gauge,
ds2 = (−1 + 2Φ)dt2 + δija(t)
2(1 + 2Ψ)dxidxj, (3)
into the perturbed Einstein equation,
δRνµ − δ
ν
µ
1
2
δR = κ2δT νµ, (4)
we obtain the following equations in the leading order of the perturbation,
−6H2Φ− 2
k2
a2
Ψ− 6H∂0Ψ =− κ
2δρ, (5)
2∂i(HΦ+ ∂0Ψ) =κ
2(ρ+ p)δui, (6)
a−2∂i∂j(Φ−Ψ) =0, (i 6= j), (7)(
k2
a2
+
∂i∂i
a2
− 2H∂0 − 4H˙ − 6H
2
)
Φ−
(
k2
a2
+
∂i∂i
a2
+ 2∂0∂0 + 6H∂0
)
Ψ
=κ2δp, (not summed with respect to i) , (8)
where Eqs. (5), (6), (7), and (8) express the (00), (0i), (ij) for i 6= j, and (ij) for i = j
components of the Einstein equations, respectively. In (5) and (8), k represents the wave
number which appears from the derivative with respect to the spacial coordinates (k2 =
−∂j∂j) by the Fourier transformation. We treat the energy momentum tensor as that of the
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perfect fluid so that the perturbations of the energy momentum tensor are given by
δT 0
0
= −δρ, (9)
δT 0i = (ρ+ p)δui, (10)
δT i0 = −a
−2(ρ+ p)δui, (11)
δT ij = δijδp, (12)
where we use δu0 = δg00/2, which is obtained from the condition g
µνuµuν = −1. When we
consider the scalar perturbation, we decompose δui as ∂iδu + δu
V
i , where ∂
iδuVi = 0 and
put δuVi = 0 and keep only the scalar part δu. Then δui is expressed as δui ≡ ∂iδu. The
equation of the perturbation for the matter is given by considering the fluctuation in the
equation of continuity ∇µT
µ
ν = 0,
δρ˙+ 3H(δρ+ δp) + a−2∂i{(ρ+ p)δui}+ 3Ψ˙(ρ+ p) = 0, (13)
a−3∂0{a
3(ρ+ p)δui}+ ∂iδp− (ρ+ p)∂iΦ = 0. (14)
Basically, we obtain the time evolution of matter density perturbation δ ≡ δρ/ρ from the
above these equations. It should be noted, however, there are unknown variables δui and Ψ
and therefore we must need to use the other equations such as (5), (6), and so on.
III. SUB-HORIZON APPROXIMATION AND THE EXACT EQUATION
A. Deduction of the differential equation
In the following, we choose Ψ = Φ in Eq. (7). If we use the sub-horizon approximation,
which is given by H2Ψ, H∂0Ψ, ∂
2
0
Ψ≪ k2Ψ/a2, Eq. (5) gives,
2
k2
a2
Ψ ≃ κ2δρ. (15)
This reproduces the Newton potential if we replace Ψ, k2/a2 and δρ by −φ, −∇2 and ρ,
respectively. Such an approximation is correct when we consider the case of small sound
speed and the region that the expansion speed of the Universe is negligible. But we should
consider the calculation error without any assumptions. Thus we now evaluate the correction
by the general relativity to the differential equations of matter perturbation. When we use
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the sub-horizon approximation and when w = p = δp = 0, we find the differential equation
of matter perturbation is given by,
δ¨ + 2Hδ˙ −
3
2
ΩmH
2δ ≃ 0, (16)
which is given by using Eqs. (7), (13), (14), and (15). Here we define δ˙ ≡ ∂0δ, δ ≡ δρ/ρ,
and Ωm ≡ κ
2ρ/3H2. The equation (16) is not changed from the equation given by using the
Newton gravity and the Euler equation [8]. If we represent Eq. (16) by using dimensionless
variable N ≡ ln a, we obtain
d2δ
dN2
+
(
1
2
−
3
2
weff
)
dδ
dN
−
3
2
Ωmδ ≃ 0, (17)
where weff ≡ −1− 2H˙/(3H
2) is defined by Eqs. in (2). On the other hand, we use Eqs. (5),
(6), (7), and (13) to obtain the exact equation of matter density perturbation. First, Eqs.
(5) and (7) give the one dimensional differential equation for Ψ˙,
Ψ˙ =
κ2
6H
δρ−
(
H +
k2
3aH
)
Ψ. (18)
Furthermore, this equation (18) and Eqs. (13), (6), and (7) give,
δρ˙ =
{
− 3H(1 + c2s)− (1 + w)
κ2ρ
2H
+
k2
3a2H
}
δρ
+
{
3(1 + w)Hρ+ (1 + w)
ρk2
a2H
−
2k4
3a4Hκ2
}
Ψ. (19)
Here the sound velocity c2s is defined by δp = c
2
sδρ. By differentiating Eq. (19) with respect
to N and eliminating the terms proportional to Ψ˙ and Ψ by using (18) and (19), we find the
differential equation expressed only by the variable δρ. If we use the dimensionless variables
δ and N = ln a, the differential equation is given by
d2δ
dN2
+
{
1 +
3
2
(1 + w)Ωm + 3(c
2
s − w)
−
d
dN
ln
∣∣∣∣− 2k43a4H2κ2ρ + 3(1 + w)
(
1 +
k2
3a2H2
)∣∣∣∣
}
dδ
dN
−
{
k2
3a2H2
(2 + 3w − 3c2s + 3weff) + 3(w − c
2
s)−
9
2
(1 + w)(weff − w)Ωm
−
(
k2
3a2H2
+ 3(w − c2s)−
3
2
(1 + w)Ωm
)
d
dN
ln
∣∣∣∣− 2k43a4H2κ2ρ
+ 3(1 + w)
(
1 +
k2
3a2H2
)∣∣∣∣
}
δ = 0. (20)
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This is the exact differential equation of matter perturbation in the Newtonian gauge. If we
use only small scale approximation, H2 ≪ k2/a2 in order to compare Eq. (20) with Eq. (17),
Eq. (20) has the following form:
d2δ
dN2
−
{
1 + 3weff + 3w −
3
2
(1 + w)Ωm +O
(( k2
a2H2
)
−1
)}
dδ
dN
+
{
wk2
a2H2
−
3
2
(1 + w)(1 + 3w)Ωm +O
(( k2
a2H2
)
−1
)}
δ = 0. (21)
Here we set c2s = w for simplicity. To derive the above equation (21), we used the following
expansion,
d
dN
ln
∣∣∣∣− 2k43a4H2κ2ρ + 3(1 + w)
(
1 +
k2
3a2H2
)∣∣∣∣
= 2 + 3weff + 3w + (1 + w)(1 + 3w)
3a2κ2ρ
2k2
+O
(( k2
a2H2
)
−2
)
. (22)
We need to take w = 0 to compare with Eq. (17) because Eq. (17) can be only applied for
the non-relativistic matter dominant era onwards.
d2δ
dN2
+
{
1
2
−
3
2
weff +O
(( k2
a2H2
)
−1
)}
dδ
dN
+
{
−
3
2
Ωm +O
(( k2
a2H2
)
−1
)}
δ = 0, (23)
where we use the equation (1 + w)Ωm = 1 + weff given by (2). Equation (23) is a same
equation with Eq. (17) up to O ({k2/(a2H2)}0). So that it is shown that the Eq. (17) is
valid in the small scale region H2 ≪ k2/a2.
Whereas the scale we are interested in isn’t always deep inside the horizon in radiation
dominant era. Therefore we need to consider the whole corrections in Eq. (20). Even
if we consider the region deep inside the horizon, we can see that the general relativistic
corrections are not negligible in radiation dominant era from Eq. (21). If we express Eq.
(21) by using time derivative, we obtain
δ¨+
{
2− 3w +O
(( k2
a2H2
)
−1
)}
Hδ˙
+
{
wk2
a2H2
−
3
2
(1 + w)(1 + 3w)Ωm +O
(( k2
a2H2
)
−1
)}
δ = 0. (24)
This equation (24) is equivalent to the equation in [9, 10] which is derived by the different
ways in general relativity.
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B. Consistency check
We obtain the differential equation of Ψ from Eqs. (18) and (19) in a same way as we
obtain the differential equation of δ in the last subsection.
d2Ψ
dN2
+
{
1 + 3(c2s − weff) +
3
2
(1 + w)Ωm
}
dΨ
dN
+
{
c2sk
2
a2H2
+ 3(c2s − weff)
}
Ψ = 0. (25)
The differential equation for Ψ can be, however, also obtained by another way. Eliminating
the terms proportional to δ and Φ by using Eqs. (5), (7), and (8), we obtain the following
equation,
d2Ψ
dN2
+
(
5
2
+ 3c2s −
3
2
weff
)
dΨ
dN
+
{
c2sk
2
a2H2
+ 3(c2s − weff)
}
Ψ = 0. (26)
The obtained expression of Eq. (26) might appear to be different from that in (25) but if
we use the equation (1 + w)Ωm = 1 + weff , we can find Eq. (26) is surely identical with
(25). This might be considered to be a trivial result but in case that there are non-trivial
contribution from the diagonal parts of the metric perturbation, the obtained results are
not identical with each other.
IV. CONCLUSION
In this paper, we derived the exact differential equation of matter perturbation in the
Newtonian gauge. This equation (20) gives the standard equation of matter density pertur-
bation, δ¨ + 2Hδ˙− 3ΩmH
2δ/2 ≃ 0, from non-relativistic dominant era onwards by the small
scale approximation H2 ≪ k2/a2. Whereas in the radiation dominant era, Eq. (20) gives the
same result in [9, 10] at the deep inside the horizon. So that the Eq. (20) can be thought as
the generalization of those equations. In particular Eq. (20) is useful in radiation dominant
era because the small scale approximation could not work well in radiation dominant era.
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